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Abstract:

An extension to the current Saturnian magnetosphere model can be developed
by adding a realistic magnetotail, which thus far the previous models have lacked. The
magnetotail structure provides a mechanism for the rejoining of deflected solar wind
particles after they have traveled past the planet, following deflection from their original
paths as a result of interaction with the magnetospheric field. These particles generate a
dawn-to-duskward cross-current as they re-merge to eventually form a neutral plasma
streaming outwards. The cross-tail current sheet and its associated return currents
generates a magnetotail magnetic field, which provides an additional contribution to the
Saturnian magnetospheric field. The incorporation of a magnetotail into Saturn's
magnetosphere is predicted to enhance the range wherein the model is applicable on the
on the night side of the planet. This paper incorporates a magnetotail into the currently
accepted global Saturnian magnetospheric model and compares the results with
Voyager spacecraft data for verification. This new model will be helpful for the Cassini
mission when it arrives in 2004 since the satellite will be spending a large fraction of its

time at high Saturnian latitudes as Cassini executes its polar orbits.
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I. Introduction

The purpose of this paper is to present a method of incorporating a magnetotail
model into the currently accepted and validated model of the Saturnian magnetosphere.
The current models will hereafter be designated as MEBS96 for the 1996 paper written
by Sylvestre Maurice, Irene Engle, Michel Blanc and Mark Skubis or ME95 for the
1995 paper written by Sylvestre Maurice and Irene Engle. The advantage of the
inclusion of a magnetotail current system into the ME95 and MEBS96 models is its
relevance to the Space Physics community as the Cassini Probe approaches Saturn to
arrive in 2004. This new model will refine the magnetic field configuration and extend
its range of validity on the night side of the planet. Consequently, it should help in the
prediction and understanding of observed magnetometer and plasma flow results
obtained in the night region of the planet as Cassini orbits in situ around Saturn.

The model of the Saturnian magnetosphere (the magnetic field region around a
planet), in the past, consisted of three contributions. The first is an approximated
intrinsic internal dipole centered in the planet, ﬁD, which is most likely generated via
dynamo effects within the planet [Acuna et al., 1981]. However, in general, a
multipole expansion is more applicable to the intrinsic field of a planet due to the
necessity to account for misalignment between the moment of the field and the rotation
of the planet (as is the case for Jupiter) or due to the off center origin of the moment.
Fortunately, there is sufficient evidence that the moment of the magnetic field for Saturn
is located in the center of the planet and oriented within approximately 1° alignment
with the rotation axis of Saturn. Consequently, a pure dipole provides a reasonably
accurate fit near the planet.

The second contribution, an azimuthally-rotating equatorial ring current, is also
internal to the magnetosphere. This ring current was hypothesized as a means to
generate a magnetic field, ﬁRC, which deforms the dipole field environment by
extending the dipole fields lines associated with a particular latitude origin on the planet
in order to obtain better fits to satellite data. As a result, the field lines extend radially
outward near the equatorial plane for a given co-latitude starting point in contrast to the

field lines resulting from just the dipole contribution.
The final contribution to the currently accepted model is the magnetic field

resulting from the magnetopause surface currents, ﬁsc, which are generated by the
interaction of the solar wind with the internal magnetic field contributions of Saturn. If
just the dipole and ring current magnetic field contributions were considered, the
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magnetic field of Saturn would extend to infinity. With the inclusion of the solar wind
interaction, the net shape of the magnetic field around the planet is confined to a
discontinuous boundary called a magnetopause. The surrounding confined region of
magnetic field is called the magnetosphere.

Satellite data [Smith et al., 1980] suggest that a magnetotail current system leads
to a fourth contribution, ﬁtai], to the net magnetosphere of Saturn. Numerous models
have been provided to model the Earth magnetotail system. Most of them assume crude
approximations or are only applicable over a limited range on the night side of the
planet. The purpose of this paper is to take one of the more realistic and sophisticated
Earth magnetotail models as published by David Beard in 1979 and adapt it as an
incorporation to the ME9S and MEBS96 models. The incorporation of a magnetotail
into the Saturnian magnetosphere is predicted to provide significant refinements to the
net magnetic field and shape on the night side as well as small alterations to the
magnetic field on the day-side. Due to the dominating effects of the solar wind
interaction with the magnetosphere on the day-side, it is predicted that the changes of
the shape on the day-side of the magnetosphere will be relatively small.

II. Background - Modeling of the first three contributions of the Saturnian

magnetosphere

A. The dipole field

As discussed above, the first contribution to the magnetosphere is the pure
dipole. It might be useful to understand how the equation for a pure dipole is derived
from the basic principles of electricity and magnetism. The bulk of the mathematics in
the derivation of a pure dipole magnetic field are shown in Appendix A [Griffiths,
1989]. The resulting dipole equation is

Baipole = VXAdipole = ~L2_m[(2cos 6)T+(sin 8)6] M
47r3

Based on the Voyager 1 and 2 observations, the moment, m, in equation (1) can be

represented in the following approximation, equation (2):




Horn =021 +0.005 G )
47 R3

The units of the moment presented in equation (2) allow calculation of the dipole in
Saturnian radii, (1 Rg= 60,330 km). The resulting dipole field for Saturn is shown in

Figure 1.

— Dipole field
only

X, (Ry)

Figure 1. Graph of the Dipole field* of Saturn in the noon-
midnight meridian plane (x-z plane). The coordinate system is
centered on the planet with the positive x axis pointing towards
the sun and the z axis aligned with the magnetic axis. The units
in the Figure are measured in Saturnian radii.

*Note: In Figure 1 and in all other graphs of magnetic field lines in this paper,
the indicated lines on the graph are always parallel to the magnetic field vector, B. In
other words, if one picks a point on the magnetic field line, the projection of the
magnetic field vector in the plane of the graph can be determined by drawing a tangent
to the field line at that point. Only relative magnitudes of net magnetic field values can
be determined by looking at the density of field lines in a particular region on the graph.
Consequently, a region with a low density of magnetic field lines will have a low net



magnetic field value relative to a region on the graph with a higher density of magnetic

field lines.

B. The ring current

It was observed that the magnitude of the net magnetic field measured by
Voyager 1 and 2 (V1 and V2) deviates from a pure dipole. The addition of a ring
current system composed of an azimuthally axi-symmetric shape was sufficient to
account for this deviation in the net magnetic field relative to the pure dipole field
shown in Figure 1. The axi-symmetric shape is similar to that of a washer disk with
inner radius, a, outer radius, b, and half thickness (the distance from the equatorial
plane of Saturn to the top of the disk) , D. The orientation of these parameters relative
to the Saturnian magnetosphere neighborhood can be seen in the rectangular boxes in
Figure 3. The parameters of the ring current were developed in order to fit the V1 and
V2 magnetometer data.

The parameters used for the ring current model in this paper are the same as
those used in the ME95 model which utilized a refined version of the model developed
by Connerney et al. in 1983. The ME95 model accounts for solar wind interaction as
well as the intrinsic dipole in determining the parameters for the ring current system.
The model developed by Connerney et al., on the other hand, only accounts for the
intrinsic planetary dipole field in its determination of the ring current parameters. The
radial values of the disk were not adjusted in the ME95 model since they were
determined fairly accurately from V1 and V2 plasma data. Observations showed that the
plasma current system extends froma =8 Rgto b = 15.5 Rg centered on the equator.
The half thickness, D, was adjusted in the ME95 model and was determined to be 2.8
Rs (as opposed to D = 3.0 Rg originally used in the Connerney et al. model). With
the assumption that the ring current density is proportional to % (where p =+ xs2 + yg)

the magnitude of the current system that best fit the V1 and V2 data is

I fora<p<band|4<D, A3)

7=k
P




where I, =2.9x1004 (which is 231- the value of I, initially determined in the
S

Connerney et. al. model). The magnetic field generated by the current system is then

calculated using the Biot - Savart Law,

= Id¢ x %)
Bge = Mo | ddé X7 4
RC 4t w2 @

where £ =T -TI' is the displacement from the current source at r' to the point of

observation r as seen in Figure 2.

Field point

=t
«)

= |

X

Source Point

Figure 2. Graph showing the relationship between the vectors, 1, r'and

#. The graph does not have axes labeled because it is in generalized
coordinates.

The plasma ring current moves in the (E direction and produces a magnetic field
"upward" (in the same direction as the dipole moment of Saturn) inside the ring and
"downward" outside the ring. Consequently, the superposition of the ring current
magnetic field with the dipole field should cause reinforcements of magnetic field inside
the ring current (xg < 8 Rg) and cancellations outside the ring current (xg > 15.5 Ry).

Consequently, the addition of an extended ring current causes a departure from the pure



magnetic dipole presented in equation (1). The effect of adding a ring current magnetic
field to the dipole magnetic field is that field lines are "stretched out” for higher latitude
starting points in accordance with the observations made by V1 and V2 mentioned
above. This stretching effect can be seen in Figure 2.

——Dipole + Ring

Dipole only

Xg (Ry)

Figure 3. A graph of both the magnetic field due to the dipole and ring
current contributions in the noon-midnight plane, as well as an overlay
plot of the dipole field alone for comparison. The rectangular regions in
the Figure indicate the edges of the cross section of the ring current
model.

The lower density of the blue field lines relative to the red field lines seen
around the magnetic equator at xg > 16 R clearly shows the cancellation effects of the
ring current magnetic field with the dipole magnetic field resulting in a lower net
magnetic field.




C. Determination of the shape of the magnetopause magnetic field

Methods involving the formation of the shape of the Earth's magnetopause
boundary resulting from the interaction of the solar wind with the magnetosphere have
been developed for during the past forty years. The original models were developed by
Beard in 1960 and Mead and Beard in 1964 and then applied to the outer planets by
Engle and Beard in 1980. Looking at the region near the subsolar point is useful in
understanding the physics underlying the formation of the magnetopause. (The
subsolar point is the point nearest to the sun on the magnetopause surface in the
planetary magnetic field coordinate system. The subsolar point distance measured from
the center of Saturn to the subsolar point will be designated as Rgyb).

First, assume that the region near the subsolar point can be approximated as a

plane with a constant magnetic field directed inward toward the page.

X X X X
X X X X
X X X X
>
Incoming Solar Wind X X X X
X X X X
Uniform Magnetic Field

Directed into the page.

Figure 4. Diagram that shows the simplified version of Solar
Wind incident upon the subsolar point of Saturn. The orientation
of the Figure assumes a view looking down on the magnetic
equator of the planet.

Considering how spatially large this region actually is, this is not a very extreme
assumption. The solar wind incident from the left upon this plane is composed of equal

10
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numbers of positive ions and negative electrons. Upon crossing the hypothetical

magnetic boundary, each ion and electron will be subject to the Lorentz force.

Florentz = qion(Vion x B)

5

The consequence of this interaction is that positive ions will be deflected upward and

the electrons will be deflected downwards. A simplified representation of this effect,

composed of one positive ion (usually a proton) and its associated electron counterpart,

is shown in Figure 5.

Cp

Positive Ion

@

©

o«

Negative electron

Xa X
Surface current
element direction
X X X
X X X X
X X X
gglrface current
element direction
X X
Uniform Magnetic Field

Directed into the page.

Figure 5. Diagram that shows the interaction of any plasma
constituent incident upon a uniform magnetic field. Since an
electron has the opposite charge of the positive ion, their
associated current element will be in the upward direction.
Consequently, the interaction of both particles with the magnetic
field produce a current element in the upward direction.

This deflection generates a localized current system, with contributions from both the

electrons and ions, each directed upward just inside the surface of the plane. The

general trends of the individual current elements on the magnetopause surface will still

follow the deflection characteristics shown in Figure 5 even if the solar wind is

composed of a statistical sample of positive ions and negative electrons and the

curvature of the magnetosphere is considered. The mathematics, however, require a

more general approach than just the Lorentz force law. The resultant equation, which
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accounts for magnetopause curvature and solar wind plasma, is given in equation (32)
and will be discussed in depth later in this paper. By applying the Biot - Savart law to
the magnetopause surface current elements, the magnetopause magnetic field can be

obtained.

= ‘ Id¢ x %)

Bsc = o adé x2) 6
SC in 2 (6)

If one makes a fist with the right hand and then points the thumb in the direction
of the surface current elements in Figure 5, the right hand rule of magnetic fields states
that the direction of the magnetic field will loop around the current elements in the same
direction that their fingers are pointing. Thus, the magnetic field generated by the
magnetopause surface currents provides a reinforcement to the existing magnetic field
on the inner side of the current system and a cancellation on the outer edge of the
magnetosphere. This is essentially how the magnetopause surface is formed. Under
stable conditions, the particles incident upon the magnetosphere generate a current
system such that the resulting magnetic field doubles the magnitude of the non-
localized, magnetosphere magnetic field just inside the magnetopause and provides a
complex cancellation just outside the magnetopause. The system addressed above
provides an ample physical model of how the magnetic field of the magnetopause is
formed. The approach, however, is dependent upon the shape of the magnetopause.

The determination of the shape of the magnetopause is accomplished by
attaining a pressure balance between the magnetic energy density pressure and the

Newtonian solar wind pressure.

1. Newtonian solar wind pressure

The Newtonian dynamic solar wind pressure is determined directly from the
momentum flux density. Given a fluid comprised of particles, s, with a particle
number density ng, velocity of magnitude vg, and mass mg, the pressure associated

with the momentum flux density is

Paux = nsrns(vs)2 N



If the solar wind is incident upon a curved surface like the magnetopause, then only the
portion of the solar wind pressure that is normal to the surface contributes to the

magnetopause currents. Consequently,
2
Pﬂux_l_ = nsms(VsCOS X) (8)

where ¥ is the angular orientation of the solar wind with respect to the normal to the

magnetopause surface. Another way to represent this spatial variation is

2 ~ 2
Pruxt = Psolar windl = DsMg(Vs) ’ﬁs'vsl )

where ng is a unit vector normal to the surface of the magnetopause.

The unit vector, N, must be represented as a function in spherical coordinates
in order to convert equation (9) to an appropriate form for calculation purposes. This
can be accomplished by "surface-mapping"” the magnetopause. Given that r can be
described in terms of a position function, r = R(6,9), a function F(r,6,$) can then be

defined as
F(r,8,0) = r - R(8,0) = 0 (10)

The gradient of F(r,0,0) is normal to F(r,0,0) and consequently normal to the surface
of the magnetopause. Explicitly, the gradient of F(r,0,0) is equal to

_ ar 1 aR 3 1
VE(r,0 Vi-VR = [Lr 1
r (D) -VR(0.0) = Br [r 89 r(sm 0) 8(1) (1)] (n

To find the unit vector normal to the surface, divide the gradient of F(r,0,¢) by its

magnitude.

13
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o - VF(r68.0) _ 1 - %BR 5. 1 a_R(’ﬁ]

VEr,0,0) K 90 r(sin ©) 30
(12)

1 9R * 1
where K = \/[“(r 3%’ " Ene) a¢)]

2. Magnetic pressure

The equation for magnetic pressure is derived from the momentum equation of
magnetohydrodynamics. To see the extensive mathematical approach from this initial
assumption, see Appendix B [Kivelson et al., 1995]. The magnitude of the magnetic

pressure is concluded to be

2
pp = B~ 13
o (13)

Equation (13) must be re-written to account for the relationship between the
magnetopause shape and magnetic field direction. By taking the cross product of the

unit vector normal to the magnetopause surface with the net magnetic field vector, the

following result is obtained:

_ Esng (14)

3. Pressure balance

If a pressure balance is assumed between the magnetosphere and the incident solar

wind, then equation (9) is equal to equation (14).

’ﬁsxﬁ'z

= (nsms(Vs)z) ’ﬁs'/\7s|2 (15)
21,

Equation (15) can be simplified to

- -




Iﬁs',‘\’slz =" Iﬁs,XﬁI2
(16)

where 1] = (2u0nsms(vs)2).

If the subsolar point is chosen as a reference point where the normalized magnetic field
is set equal to 1, then equation (16) can be further simplified such that 1 is normalized
to 1. By taking the square root of both sides of this simplified form of equation (16),

the resulting equation is

s V] = fgxBd - an

In equation (17), ﬁn is normalized everywhere on the surface relative to |§| =1 at the
subsolar point. Equation (17) is then used to determine the shape of the magnetopause
magnetic field.

To calculate the magnetopause shape, the region around the planet is broken
into a 5° by 5° grid in © and ¢. For a particular point on the grid (corresponding to a
particular value of 8 and ¢), the value of r is varied over a predetermined range. If the
range is selected appropriately, then a value of r should be obtained which satisfies
equation (17). This value of r is where the magnetopause surface is located for that
particular grid point. By doing these calculations over the entire range of 6 and ¢, (0°

<0 < 180°, 0° < ¢ < 360°), the magnetopause shape is determined.

D. Magnetotail contribution

For Earth, spacecraft observations have confirmed that a cross-tail current sheet
with its associated return currents generates a magnetotail magnetic field which
provides an additional contribution to the planetary magnetospheric field [Behannon,
1968]. The current sheet is formed by the rejoining of deflected solar wind particles
after they have traveled past the planet following deflection from their original paths by
interaction with the magnetospheric field. These particles generate a dawn-to-duskward
cross-current as they re-merge to eventually form a neutral plasma streaming outwards.
These observations lead us to predict that a magnetotail magnetic field is generated by
the existence of a neutral current sheet on the night side of Saturn as well. The

orientation of the cross-current sheet for Saturn is shown in Figure 6.

15
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Sun i Direction of cross-current
Dawn side sheet
Saturn @ i ¢ ¢ i
Dusk side

Figure 6. An overhead view looking down on the northern hemisphere of
Saturn in order to show the direction of the cross-current sheet in the night
side of the planet.

Unfortunately, both V1 and V2 exited the magnetopause at xg = -30 Rg and thus
acquired very little data to use for an accurate Saturn magnetotail model [Ness et al.,

1981].
To provide a first order extension to the Saturnian model via the incorporation

of a magnetotail, an analogy of the 1979 Beard magnetotail model is assumed. The
Beard model is a hybrid in that the vector potential, ;‘:, (where B=Vx ;‘:) is
determined from magnetohydrodynamics and then the parameters are empirically fit to
Earth satellite data. It assumes a variation of the 1962 Harris sheet model of a current
sheet with a finite thickness, z, [Harris, 1962]. The Harris sheet model was obtained
by solving the Vlasov equation, which is a magnetohydrodynamic equation relevant to
the plasma system. The resulting magnitude of the vector potential obtained after
obtaining the solutions to the Vlasov equation and applying the necessary boundary

conditions and assumptions is

A=a+ B[n cosh(zz—)]. (18)

where o and B are arbitrary constants to be ultimately fit to satellite observations. As
stated above, z, represents the neutral current sheet thickness. For Earth, this was
approximated to be 4 Re. For a given x, the Ay and A; components of a general vector

potential can be expressed as a series expansion.

——



Ay = Ao+ Al + Ajfzy? + Asz? + Agy?; 220 (19)
3 4
A=) Y (Ayy? 22 (20)

i=1 i=1

The Harris finite sheet vector potential was then incorporated into the general

expansion, equation (19), to obtain

Ay = f(x){ (Ao + A1ZpIn(2))+ A zp[In cosh(l)(l+&y2)]
Zo A 21)

+ A3Z2 + A4y2}

The x - dependence of the tail is determined from f(x). The function f(x) is based on
the product of two terms. The first term, g(x), represents the x dependence of the

current of the magnetotail system.

800 = | 22)

where Ky is a constant of proportionality and b is the subsolar distance of the planet.
Since there are no satellite data in the tail for Saturn, the value of Ky was determined in
accordance with observations made in the Earth magnetosphere system. For
Bx =11 nT at Xe = -60 Re ye = 0.0 Re, ze = 12 R, Ky is equal to 4.891. The
second term, h(x), represents the physical characteristics of the tail at its near Earth

position starting point.
h(x) = 1 - exp[-a(b-x)°]. _ (23)

The constant o is chosen to give a minimum value of Bz at x = - b. The exponent
parameter, s, is used to determine how much the magnetotail is attenuated in the x

direction.

o= _(S_—l_)_ (24)
s(2b)® ‘
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For the Earth magnetosphere, with b= 10 R, and s = 4.0, then o. = 4.69 x 10-6.
By taking the product of g(x) and h(x), the resulting function , f(x), is found to be

f(x) = g(Oh() = —2_ (1 - exp[-au(b-x)°]). (25)
(b-x)

~ The coefficients of Ay and A; were then fit to Earth magnetometer satellite data by the

method of least squares to obtain

Ay =f(x)(100.7 + 5.57z, - 8.04z,[In cosh(i)(l - dy?)]

+ 0.15022 - 0.107y?)
(26)

A, = f(x)[0.321yz - (1.555x10%yz3 + (2.471x107)yz5
+ (2.865x10™y3z - (1.036x10°%)y323 - (1.173x107)y5z]

The value of @ is determined by approximating where the boundary of the magnetotail
terminates in the x-y plane. For the Earth system, assuming that, under steady state
conditions, the near-tail terminates at approximately 20 R, @ was calculated to be
0.00052. It should be noted that the fitted coefficients for this model are based on
satellite magnetometer data found in the Earth magnetotail. Also, an important feature
of the model is that the coefficients were determined such that the magnetic field value
of B, terminates at the Earth magnetotail boundary in the y-z plane at ze = 10 Re. By
taking the curl of the vector potential components shown in equation (26), the resulting

magnetic field components are




B, = f(x){0.021z - (1.555x10°%23 + (2.471x107)z5
+ (8.595%104)y2z - (3.108x107%)y223 - (5.865x107)yz
+ 8.04[tanh(ZL)(1 - dy)(1 - Dy?))

@7
By = -f (x){0.321yz - (1.555x10%)yz? + (2.471x107)yz3
+ (2.865x107%)y3z - (1.036x10°%)y323 - (1.173x107)y5z}

B, =f,(x){ 100.7 - 5.57z, - 8.04z,[In cosh(ZL)(l - dy2)]
+0.15022 - 0.107y2}

One of the great advantages of the Beard model is that its analytical form can be easily
shown to obey the conservation of magnetic flux, i.e. V.B'= 0. The divergence of the
magnetic field components in equations (27) are everywhere zero, thus ensuring flux
conservation throughout the neighborhood of the magnetotail.

In order to ensure appropriate adaptation to the Saturnian system, it is essential
that the boundary conditions of the Beard magnetotail model are obeyed in the
Saturnian magnetosphere. First, B, must terminate at an approximated Saturn
magnetotail boundary in the y-z plane. The location of the Saturnian magnetotail was

determined by taking the ratio of the subsolar point distances of the two planets.

R
ZSaturn termination = ( Subsolar Satum)(ZEarth termination) = 48 Rg (28)
Rsubsolar Earth

In order to make this adaptation, the spatial values in the z direction must be
transformed such that a z value of 48 Ry in the Saturn coordinate system corresponds to
a z of 20 R¢ in the Earth system. By reducing the z coordinate in the Beard model by a
factor of —21—4, this is accomplished.

R z
Subsolar Earth (ZEarth) = Earth
Subsolar Saturn 2.40

ZSaturn =

(29)

In each case, the coordinate system for the planet being analyzed is in units of its

respective planetary radii. In other words, zg,qt, and Rgubsolar Earth are represented in
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units of Earth radii and zg,,;, and Rsybsolar Sawrn are represented in units of Saturnian
radil.

From observation of the ME95 magnetopause, it is predicted that some flaring
should occur. Flaring is a departure from the cylindrical shape of the magnetotail
magnetic field as the distance of the magnetopause increases for an increasing Xg on the
night side of Saturn. One inconsistency in the transformation shown in equation (29) is
that it does not account for the flaring of the magnetotail on the night side. Thus, any
B, magnetic field component that exists outside the tail boundary due to flaring of the
tail in the global magnetosphere model will be assumed to be zero. This assumption,
however, does not cause considerable differences to the overall physical characteristics
of the model , considering the small value of B, near the magnetopause boundary.

A similar transformation is also necessary in the y direction. The
transformation of the y direction is different than that obtained in the z direction due to
the inclusion of a ring current in the Saturnian magnetosphere. Thus, the Saturnian
magnetosphere is more elliptical than the spherically shaped Earth magnetosphere as
viewed in the dawn-dusk meridian. A good measure of the "deviation from sphericity"
of the Saturnian magnetosphere in the dawn-dusk meridian is the ratio between the
"flatness" and "bluntness" of the magnetopause as defined in the ME95 paper.
Flatness is the ratio of the pole point height (pole point height is the position of the
magnetopause on the positive z axis) of the planet to the subsolar distance. Bluntness
is the ratio of the distance from the magnetopause to the planet in the dawn-dusk
meridian to the subsolar distance. By taking the ratio of the flatness and bluntness of
the ME95 model, the "deviation from sphericity” factor, I'gey, is obtained. For the
MES9S model, T'gey = 1.262. Thus, rather than merely divide the y coordinates of the
Saturnian magnetotail by 2.4 in accordance with the subsolar ratio distances between

Saturn and Earth as in equation (29), an additional factor , 1 21 2 1S necessary to

account for the elliptical properties of the magnetotail model.

Rsubsolar Barth ¢ _  YEarh
YEarth) = S (30)
(Rsubsolar saurm)Taev) — " 3.029

YSaturn =

Another necessary modification to develop the Saturn analogy of the Beard
magnetotail model is that the location of the starting point of the tail must be adjusted.
As discussed above, the inclusion of the ring current causes magnetic field lines to be

"stretched out" for a given co-latitude starting point on the planet surface. Since Earth

— e ————



does not have a significant magnetic field perturbation from its ring current system, the
Beard magnetotail model selects a distance of one Earth-subsolar point away from the
planet on the night side as the starting point of the tail. In order to adapt the Saturn
model, however, the starting point of the tail will be more distant in the night region
due to the field lines being stretched out from the effects of the ring current. By using
a field-trace program which only contains the effects of the dipole plus solar wind
magnetic contributions, a co-latitude angle could be determined which was associated
with a crossing of the magnetic equatorial plane at xs = - 24 Rs. This co-latitude angle
was then used as a starting point for a new field trace which contains the dipole, ring
current and solar wind magnetic field contributions. The starting point of the
magnetotail is at the same location where the new field line crosses the magnetic equator
in the noon-midnight meridian. For the ME95 model, the starting point of the
magnetotail occurs at xg = - 28.60 Rs. Thus, the constant b in equations (24 and 25)
must be multiplied by 1.19 to obtain the correct attenuation in the x direction for the
Saturnian magnetosphere model, giving a new o equal to 7.01x10-8. The resulting
trends of the Saturn magnetotail can be seen in Figures 7-9 and are shown in good
agreement with Figures 4-6 of the Beard magnetotail model. It should be noted that the
dipole moment of Saturn is aligned paralle] to the spin axis direction, whereas Earth's
dipole moment is aligned anti-parallel with respect its spin axis. Consequently, the
ordinate in the graphs below are represented as negative magnetic field values to

provide a direct comparison with the 1979 Beard results.
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Figure 7. Plot of -Bztai] as a function of x in units of Saturnian
radii. The units of Bytai] are in arbitrary units normalized to the
K1 coefficient discussed below. The x-coordinate is defined
such that it is pointing towards the Sun in the positive direction.
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Figure 8. Plot of -Byztail as a function of z for x=-24,-72 and
-120 as shown in the graph. The units of Bytai] are in arbitrary
units normalized to the Ki;j coefficient discussed below. All
distances are in units of Saturnian radii. The z-coordinate is
defined such that it is aligned with the dipole axis of Saturn.
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Figure 9. Plot of -Bztaj] as a function of z for x= -24,-72 and
-120 as shown in the graph. The units of Bztai] are normalized
to the K1 coefficient discussed below. Note how the magnetic
field terminates at z = 48 R.

The magnitude of the Beard magnetotail system is adjusted to coincide with
magnetic field values found around Saturn by multiplying the magnetic field
components of the tail by an attenuation coefficient, Kgjj, prior to superposition with
the other magnetospheric contributions. Kyai is defined as the ratio of the magnitude of
the steady state magnetic field values determined at the subsolar point of the planets.
For Earth, the steady state value of the magnetic field at the subsolar point is
approximated to be 66.1448 nT and Saturn's magnetic field value is approximated to be
2.438 nT as taken from the ME95 model. Thus, K, is evaluated to be approximately
0.037.

One important final point about the adapted version of the Beard magnetotail
model to Saturn is that no adjustments were made to the coefficients of equation (27).
Instead, a spatial transformation was applied to the Saturnian magnetotail system to
ensure continuation with the functional behaviors shown in Figures 4-6 of the Beard
model. This transformation can be quantitatively represented as
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1 0 0
XSaturn XEarth
{YSatum}': o -1 o I: YEarth } (31).
ZSaturn 3.029 ZEarth
0 0 1
2.4

This transformation can be envisioned as compressing the Saturnian spatial elliptical
magnetotail locations into the fixed region defined by the Earth magnetotail
dimensions. It is necessary to adapt the model in this fashion to maintain the claim that
the divergence of the magnetotail magnetic field components remains zero in accordance
with flux conservation. If the coefficients were directly changed, this would no longer
necessarily be true. Graphs of the magnetic field due to just the magnetotail contribution
for Saturn are shown in Figure 10 and 11.
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Figure 10. Noon-midnight meridian field tracing of the
magnetotail magnetic field for Saturn. The coordinate system is
centered on the planet with the positive x coordinate pointing
towards the sun and the z axis aligned with the magnetic dipole
axis of Saturn.
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Figure 11. Projection of the magnetotail magnetic field for
Saturn in the y-z plane. The coordinate system is centered on the
planet with the x-y plane parallel to the magnetic equator and the
z axis aligned with the magnetic dipole axis of Saturn. Notice
the ellipsoidal characteristics of the Saturnian magnetotail due to
the transformation via equation (31).

III. Method of generating a self-consistent model using the above

contributions

25

The first step in creating the magnetosphere model for Saturn is to calculate the

current elements on the magnetospheric surface based on the magnetopause shape as
determined by the pressure balance in equation (16). After the zeroth order surface is
generated (zero is used as the first order since some of the contributions to the
magnetopause magnetic field are not even valid at this point), a corresponding set of
magnetopause current elements can be produced. These current elements are calculated
by taking the cross product of the unit vector normal to the magnetopause surface and
the net magnetic field on the magnetopause surface.

J = - Bs X Bpet (32)
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The net magnetic field is comprised of the four magnetic field contributions discussed
above, ﬁnet = ]_3:1) + ﬁRC + Bsc + Biail. In spherical coordinates, the resulting cross

product of equation (32) in its expanded form is

j) _r_Bonet IR _Bonet aR]’r‘

R(sin(6)) 90 R 00

3 B oR A
Jo=-[—2rnet__~"* 4 By net] O 33
° [R(sin(e)) a0 + Bo e &9

Brnet aR -
R 89] ¢

J¢ = [Bonet +

The current elements in equation (33) are then used to find the next order
magnetic field contributions using the Biot - Savart Law, equation (6), as discussed
above. These magnetic field values are calculated just on the magnetopause. With a
new set of magnetic field values for the magnetopause, a new refined magnetopause
shape is obtained. Consequently, a new set of net magnetic field values are generated
on the magnetopause surface. This next order net magnetic field is then applied to
equation (32) to obtain a new set of surface current elements. This procedure is
repeated until the magnetic field values obtained from equation (6) converge.

Mathematically, this is represented as

Bsc my= Bsc (n-1) (34)

where ﬁsc () represents the last calculated set of magnetopause magnetic field values
and ﬁsc (n-1) Tepresents the previous iteration's set of magnetopause magnetic field
values. This convergence also indicates a self-consistent magnetospheric model. Self-
consistency implies that the shape of the magnetopause and the magnitude of the
magnetic field values on the magnetopause are constant over consecutive iterations.
This also implies that the magnetic field values inside the whole magnetosphere should

be constant over consecutive iterations.
The resulting current elements from equation (33) of the last iteration are then

used to determine the magnetic field values inside the global magnetosphere via the Biot
- Savart law, equation (6), which will hereafter be labeled ﬁMp. The integration is




applied everywhere inside the magnetosphere except on the surface. The contributions
of the solar wind interaction on the surface for points inside the magnetosphere can be

represented by the gradient of a scalar potential.

Bump =VOump (35)

The scalar potential can be represented as a series of spherical harmonics. Representing
® in terms of spherical harmonics has, in the past, been successfully employed for
modeling the magnetopause surface current contributions in a spherical neighborhood
centered on the planet. This form is adopted here. Consequently, associated Legendre
Polynomials were chosen as the basis to fit the theta-dependence of the series
expansion. Periodic functions, cos(m¢), are used for modeling the azimuthal

dependence. The radial dependence factor of the expansion is represented as rM. Thus,

the resulting magnetic scalar potential is represented as:

Amax A
Dypp = 2 r7‘2 G mPx (cosB)cos(mo) (36)
A=1 m=0 .

where G), m are coefficients used to fit the resulting magnetic field of the scalar

—

potential expansion, Byp =V ®@pp, to the magnetic field components at locations well
inside the magnetopause surface. Due to the r - dependence of the expansion,
however, difficulties may arise regarding the fitting of the function at locations far

from the origin and beyond the "sphere of applicability." The "sphere of applicability"
is defined as the magnetospheric region around the planet where r < Rgyp. For values

of r 2 Rgyp, on the nights side of Saturn, the rM factors cause a "blow up" of magnetic
field values. Consequently, attenuating the magnetic field contributions, ﬁMp, at

regions beyond the "sphere of applicability" is necessary to maintain the features of the
model. The resulting coefficients, G m, can then be used to generate the

magnetospheric field contributions caused by the solar wind interaction when

substituted back into equation (36).
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IV. Observations of a self-consistent idealized global Saturnian model

The process of constructing a magnetosphere was executed through nine
iterations, when reasonable self-consistency was obtained in the major features of the
model. The resulting magnetic field contributions were then used to trace magnetic
field lines to display the global magnetic field of the Saturnian magnetosphere. The
corresponding expansion coefficients, G),m, are given in Appendix C. A noon-
midnight plot of the idealized Saturnian magnetosphere with its associated

magnetopause is shown in Figure 12.

60 T — i""| === Boundary of the
—— . |neighborhood of validity
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—
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Figure 12. Trace of the idealized Saturnian magnetosphere and
its associated magnetopause (in blue) in the noon-midnight
meridian. The black dashed lines show approximately where
the model is valid for observation.
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The bumps that occur at xg = -38 Rg are un-physical artifacts which are predicted to go
away after further iterations. The inclusion of the tail model has increased the range of
validity of the Saturnian magnetosphere to the region shown by the dashed lines in
Figure 12. In the ME9S model, the dashed lines were cut off at xg=-15 Rg.

The separation of regions of magnetic field lines forming the frontal lobe and
magnetic field lines streaming backwards occurred at an approximate co-latitude of 5°.
This location is called the cusp. In the neighborhood of the cusp, the lﬁs -VSI term
rapidly changes from a small to relatively large value for a meridian plot at a given
longitude. It is also characterized by a change in the sign of the theta component of the
net magnetic field just inside the magnetopause. The cusps lie on the day side of the
magnetosphere and transition to smooth meridian lines with no inflection points before
the dawn-dusk meridian.

Another feature of the model is the asymmetry of magnetic field lines between
the day side and night side of the magnetosphere. Compression of field lines on both
the day and night side is due to the incoming solar wind pressure. (The compression on
the dayside, however, is more pronounced than on the night side). The extreme
extension of field lines tailward in the night region is due to the magnetotail contribution
to the model. The overall asymmetry characteristic of the model can be observed
accurately by inspecting a series of field lines in 30° longitudinal increments for a co-

latitude of 10° as in Figure 13.
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Figure 13. Projections of magnetic fields onto the noon-
midnight meridian plane. These particular traces originate from

the planet surface at a co-latitude of 10° and initial longitudes of
0°, 30°, 60°, 90°, 120°, 150° and 180°.

If a larger co-latitude is chosen, the effects attributable to the solar wind pressure and
magnetotail contribution decrease due to the dominating effects of the interior
contributions, §D and ﬁRc. This can be seen by looking at a series of field lines in
30° longitudinal increments for a co-latitude of 30° as in Figure 14.

30



X, (Ry)

Figure 14. Projections of magnetic fields onto the noon-
midnight meridian plane. These particular traces originate from

the planet surface at a co-latitude of 30° and initial longitudes of
0°, 30°, 60°, 90°, 120°, 150° and 180°.

Notice the symmetry between the day and night side in Figure 14 as compared to
Figure 13.

One final observation about the features of the idealized model is that the field
lines at a given small co-latitude are non-axi-symmetric. In other words, a field line
originating at a given small co-latitude and longitude will not have the same longitudinal
value when observed at the magnetic equator. In addition, the magnetic field lines
appear to "bend" due to the incoming solar wind pressure. These effects can be seen in
Figure 15.

31




...... e A

-30 -20 -10 0 10 20
X, (Ry)

Figure 15. Projection of magnetic field lines onto the magnetic
equatorial plane (x-y plane). These particular traces originate

from the planet surface at a co-latitude of 10° and initial
longitudes of 0°, 30°, 60°, 90°, 120°, 150°, 180°, 210°, 240°,
270°, 300° and 330°.

V. Validation of the Idealized Global Saturnian Model

The primary source of data for verification of the idealized Saturnian model is
the V1 and V2 magnetometer data. Voyager 1 entered the Saturnian magnetosphere
during quiescent conditions while Voyager 2 entered the magnetosphere during volatile
solar wind conditions. It is suspected that Saturn passed inside the Jovian magnetotail
during the V2 flyby leading to the relatively disturbed results [Lepping et al., 1981].
Conveniently, both V1 and V2 both flew by Saturn during a period when the solar
wind was nearly parallel to the magnetic equator, so the idealized model is the best
representation of the Saturnian magnetosphere during the V1/V2 flybys.

As can be seen from the limited trajectory projections in Figure 16, Voyager 1
and Voyager 2 spent little time in the night region of Saturn. In the complete
trajectories, Voyager 1 extended into the night region the farthest; exiting the
magnetosphere at Xg = -30 Rg [Ness et al., 1981].
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Figure 16. Projection of the Voyager 1 and Voyager 2
Trajectories in the x-y plane.

Since there are litfle data concerning the far night region where the tail dominates, it is
impossible to see how well the magnetotail model compares with the actual conditions
in the Saturnian neighborhood. Comparisons of V1 and V2 magnetometer data with
the above model representation are still very useful in confirming the tail model by
ensuring that inappropriate contributions have not been introduced. As can be seen in
Figures 17 and 18, the theoretical results of the magnetotail-incorporated Saturnian
model are very similar to the results obtained from the ME95 model in the regions

where V1 and V2 flew by.
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Figure 17. Comparison of net magnetic field vs. index number
for Voyager 1. Index number represents times that the satellite
measured data as it flew by the planet.
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Figure 18. Comparison of net magnetic field vs. index number

for Voyager 2 .
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Since the effects of the tail should be very small on the dayside of the magnetosphere,

the results of Figures 17-18 coincide nicely with intuitive prediction of the magnetotail

effects on the Saturnian magnetosphere.

Observation and comparison of the Earth's magnetosphere with Saturn's predict
that a finite cross current structure sheet should be present in the night region of the
Saturnian magnetosphere. Thus, the inclusion of a magnetotail to the Saturnian
magnetosphere is necessary in order to have an accurate magnetosphere model in the
night region. The lack of a magnetotail in the ME95 model severely limited the range
of applicability to xs = -15 Rs. The new model is predicted to be valid for
observational purposes to xg > -120 Rg. This will be extremely useful for the Cassini
project since the spacecraft will perform orbits about Saturn and collect large portions
of data in the night region. Consequently, the model presented in this paper is the only
one available for comparing magnetometer trends in the night region with
magnetohydrodynamics. |

To reflect the space environment during the Cassini spacecraft's arrival at
Saturn, further refinements are necessary to the magnetosphere model. The Cassini
space probe will arrive at Saturn in 2004 when the solar wind will be incident at an
angle of approximately -18° relative to the magnetic equator [Cassini Project, 1994].
Consequently, a "tilted" magnetosphere model similar to the MEBS96 model is
necessary for incorporation of the magnetotail model in order to simulate the conditions

at Saturn when Cassini will arrive.

VI. Non-idealized (Tilted Model)

The contributions of the model previously discussed are idealized in the sense
that they only account for a brief period of time during the Saturnian orbit around the
sun (those times when the incident solar wind velocity is parallel to the magnetic
equator). During this time, symmetry exists across the magnetic equator. In other
words, the shapes of the magnetic field lines in the northern hemisphere are mirrored in
the southern hemisphere. For the sake of visualization, the direction of the solar wind
can be represented as a vector originating at the center of the Sun and ending at the
center of Saturn. Thus, as Saturn orbits around the Sun, there exists an angle, Asw,
between the solar wind vector and the magnetic equator. When Cassini arrives, the
orientation of the solar wind with the magnetic equator will be similar to the simplified

diagram of Figure 19.
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Figure 19. Simplified representation of Saturn showing the solar
wind vector orientation with respect to the magnetic equator. A
set of axes in the upper left corner show the orientation of the

planetary magnetic field.

The Figure is shown in the Saturnian magnetic field coordinate system where the z
axis, zg, is parallel to the dipole moment. Thus, the x axis, Xxg, is parallel to the
magnetic equator. In the Saturnian magnetic coordinate system, the orientation of the
magnetic equator remains in the x-y plane and the solar wind vector orientation with
respect to the magnetic equator is predicted to vary from Agw = +26.7° to Agw = -
26.7° over a given Saturnian orbit around the Sun.

It is assumed that varying Agw has no effect on the internal contributions of the
Saturnian magnetic field. Consequently, the values of ﬁD and ﬁRC remain the same as
they were in the idealized model. The non zero Agw, however, results in a break in the
north-south mirror symmetry of the magnetopause. Subsequently, the values of ESC
are adjusted in accordance with the chosen value of Agwy.
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A. Effects of the non-zero Agw on the magnetotail

A basic rotation of the coordinate transformation in the x-z plane of the
magnetotail coordinate system about the y axis is used to account for non-zero Agy in
the magnetotail. (It should be noted that the x-z plane of the magnetotail coordinate
system and the x-z plane of the Saturnian magnetic equator coordinate system are
parallel). A given point in the magnetosphere is converted to a magnetotail coordinate

system via a rotation about the y-axis as follows

Xiilted = COS( Agw) Xoriginal + sin( xsw)zoriginal
and (37)
Zijlted = -SIN( Agw) Xoriginal t cos( ksw)zoriginal-

Thus, the final complete spatial coordinate transformation between the Saturnian

magnetotail system and the Beard Earth magnetotail can be represented as

i sin (A i
cos (Asw) 0 ——2£4S—W)‘
XSaturn XEarth
YSaturn | = 0 1 0 YEarth | (38)
ZSaturn 3.029 ZEarth
) cos (A
-sin (Agw) 0 ——2(4—5‘”)

Note that for Agw = 0, equation (31) is obtained.

After the spatial coordinates are transformed and the magnetic field is calculated,
the magnetic field components must be converted so that the magnetic field vectors are
represented in the Saturn coordinate system as opposed to the magnetotail coordinate
system. This is obtained by applying a rotation on the magnetic field vectors in the x-z

plane as follows

Bx saturn = €08( Agw) Bx magnetotail ~ sin( Asw)Bz magnetotail
and (39)

Bz saturn = 8in( Agy) Bx magnetotail T cos( Asw)Bz magnetotail
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A graph of the noon-midnight meridian plot of the magnetic field due to just the
magnetotail contribution for Saturn at a Agw = -20° is shown in Figure 20.
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Figure 20. Noon-midnight meridian field tracing of the

magnetotail magnetic field for Saturn for Agw = -20°. The
coordinate system is centered on the planet with the positive x
coordinate pointing towards the sun and the z axis aligned with
the magnetic dipole axis of Saturn.

B. Effects of the non-zero Agw_on the magnetopause surface current elements

From the geometry of the solar wind vector in relation to the magnetic equator,
the generalized solar wind velocity vector is found to be [Beard, 1960]:

- Vew = [cos (8)sin(Agy) + cos(q))sin((‘))cos(?u,s\w)]'f
+ [cos(d)cos(B)cos(Agy) - sin'gﬂ)sin(ksw)]e (40).
- [sin(¢p)cos(Asw) 10

As a result of equation (40), the pressure balance consequence, |ﬁs -?SI = Iﬁsxﬁl , 18
generalized to account for non-zero values of Agy.

Although the necessary adjustments to generalize the idealized model to account
for non-zero Agw are small, the changes to the magnetopause shape are significant, as

can be seen by Figure 21, where Agw = -20°.
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Figure 21. Trace of the Saturnian magnetopause in the noon-

midnight meridian plane for a Agw = -20°. The location of the
magnetotail cross current sheet shown in red and the intersection
of the azimuthal ring current with the plane are superimposed on
the Figure for spatial reference.

The breaking of the north-south symmetry is apparent when comparing Figure 21 with
Figure 12. The number of grid point locations which must be explored are doubled as
a result. This also doubles the possibility of overlooking non-convergent behavior
during the iterative process. Another difference is that the location of the sub-solar
point becomes questionable in the "tilted" model. Since the subsolar point is used for
normalization purposes, inaccurately locating the subsolar point can have negative,
non-convergent effects on the whole model. Accurate intuition and observations of the
developer become imperative to obtaining self-consistent results as a consequence of
these difficulties.




VII. Discussion _and Conclusion

The result of this research is a three-dimensional approximated self-consistent
global magnetospheric model of Saturn with its associated magnetopause. The range of
validity of this model is significantly extended on the night side of Saturn relative to the
MED9S5 model due to the incorporation of a magnetotail into the global magnetosphere.
The model presented in this paper obeys the requirements of magnetohydrodynamics
and is not restricted to locations where satellite data was obtained, unlike empirically fit
models. There is no direct way to confirm the validity of the incorporation of the
magnetotail model into the Saturnian magnetosphere; however, a comparison of the
model to available V1 and V2 data confirms that no un-physical deviations have been
introduced as a consequence of the magnetotail incorporation.

Further modifications can be made to the models presented above. The
interaction of the solar wind and inclusion of a magnetotail disrupts the axial symmetry
of the ring current. Thus, a non-axisymmetric ring current model is an inevitable
adjustment for complete accuracy of the ultimate model. A refinement is also desirable
for the shape of the ring current cross section, since the sharp boundaries of the model

cause anomalous magnetic field elements in the numerical integration.
The Cassini spacecraft will arrive at Saturn when Agw = -18.0° and will

perform in situ orbits around Saturn until 2008 when Agw = -4.0° [Cassini Project,
1994]. Thus, production of self-consistent "tilted" Saturnian magnetospheric models at
various intermediary angles (Agw = -15.0°,-10.0° and -5.0°) will be useful for
complete analysis of the Cassini project. Results for other desired Agw can then be
obtained via interpolation among the future models. These models can then be used to
understand the magnetometer data and plasma observations obtained by the Cassini
spacecraft. When a sufficient amount of magnetometer data are collected in the night
region of Saturn by Cassini, the magnetotail analogy will no longer be necessary.
Refined parameters for a Saturnian magnetotail model can then be obtained by directly
fitting to the Cassini magnetometer data. In the meantime, the results presented in this
paper provide the most sophisticated global Saturnian magnetospheric model available

to date.
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Appendix A - Derivation of the equation for a pure dipole field

Deriving the general equation for a pure dipole starts from the definition of the

magnetic vector potential,

A=k T gv (1)
arn | Ir-r'

The function L can be represented as an expanded power series,

-1

1 _1
=i @ Pcos ) @
SO

where Pp(cos 0) are the Legendre polynomials. By substituting equation (2) back into
the vector potential, equation (1), and expanding out to n=2 the following result is

obtained

A=] Borlt gv4+Ll| (cosodv) +L1[ 12 (3 cos? 0 - Lydv]
CL CL CL

N

where J dv 1is a closed loop integral and consequently zero since it is. the
CL

displacement of a vector around a closed loop. Consequently, this term, called the
monopole, is always zero. This result coincides nicely with the physical observation
that a magnetic monopole does not exist in nature. The second term, however, is the

dipole and is the one relevant to the Saturnian model:

Adipore =T 2oL (' cos 0 dV) . ®3)
47 2
CL
It can be shown, using vector calculus, that the integral in equation (3) can be

represented in a more useful form
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(r'cos 8dV) =-Lrx[ (' xdV)-: (4)
CL

[\SREEY

CL

Therefore, by substituting equation (4) into equation (3) the following result is obtained

Adipote =T o[- L | (' x dV) ] = —Ho_(mix7)
4mtr2 2 oL 4mr?

)

Il «xav).
CL

where m =

N |

Equation (5) can be presented in a more simple form:

Adipote = H_[mi(sin 6)]9 . ©)
47r?

By assuming that the dipole magnetic vector potential above is the highest order of the
approximation magnetic dipole, the formula for a pure magnetic dipole can be obtained
by taking the curl of (6).

I-idipole = §><Xdipole = Ho m[(2cos 0)r+(sin 6)6]
47r3

This is the resulting dipole equation that is applied to the Saturnian magnetosphere.
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Appendix B - Derivation of the equation for magnetic pressure

Deriving the equation for magnetic pressure starts from the momentum equation of

magnetohydrodynamics,

—

—-—a(%stuS) + Vo(pslistis) = -Vps + qengE + JxB + p___fg (1)
S

This equation represents the relationship between the momentum and force of a fluid
comprised of a particle, s, as determined from flux conservation. The first term on the
right represents the pressure force due to spatial gradients in the pressure as momentum
is transferred through the system. The second term represents the force due to the
electric field which will be considered ﬁegligible. The third term represents the force
exerted by the magnetic field. The fourth term represents gravitational and any other

non-electrodynamics forces. The third term on the right of equation (1) can be
expanded by solving Ampere's law for a non-time dependent electric field, Vxﬁzuoj,
for J and substituting it into fsxﬁ:

= _ /VxB

JoB = (VBB = V(B

0 Ho

+ (B- V)B @)

Substituting equation (2) into equation (1) and grouping the gradient terms together

shows the following result for the momentum equation.

o(Pss) | o

at +V'(psﬁsﬁs) =
D2 = - = ~
V((i) +po+ anE +BVB + PsGg 3)
o (6] S

Note that the first term on the right of equation (3) represents the pressure relationship
of the momentum equation. Consequently, the magnetic contribution to the pressure of
- B2

2,

the system is Pg




Appendix C - The non-zero coefficients. Gy . of @vp_for Agw = 0.0°

Gk,m Value Grm Value
Gio +7.175 x 10-01 G7 6 -2.556 x 10-03
Gy +3.573 x 10-01 Gg 1 -4.765 x 10-05
G3 g +2.951 x 10V2 | Gg3 +6.875 x 1003
G3 7 +5.066 x 10-U2 Gg 5 +4.675 x 10-04
Gy | +7.377x 1002 | Gg 7 -9.949 x 1004
Gy 3 +5.710 x 10-03 Go 0 - 8.447 x 10°03
Gs 0 +3.815 x 10-U4 Gog o +2.169 x 10-03
Gs2 +3.272x 1002 [Gg 4 +1.052 x 10°05
Gs 4 +2.113x 1005 [Gg g -5.204 x 1003
Ge 1 +2.530 x 10-02 Gg g - 1.558 x 10-04
Gg 3 +9.145 x 1003 Gio,1 - 1.003 x 10-04
Gg 5 - 1.921x 10-03 G103 +2.567 x 10-04
G710 -9.965 x 10-03 G105 -4.188 x 1004
G7.2 +1.785 x 10-V2 G10,7 - 1.616 x 10-04
G7 4 +1.973 x 10-03 G109 -2.650 x 10-07




